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Positional Encoding



Position Information in Transformers: An Overview
Philipp Dufter, Martin Schmitt, Hinrich Schitze

Abstract

Transformers are arguably the main workhorse in recent natural language processing research. By definition, a Transformer is
invariant with respect to reordering of the input. However, language is inherently sequential and word order is essential to
the semantics and syntax of an utterance. In this article, we provide an overview and theoretical comparison of existing
methods to incorporate position information into Transformer models. The objectives of this survey are to (1) showcase that
position information in Transformer is a vibrant and extensive research area; (2) enable the reader to compare existing
methods by providing a unified notation and systematization of different approaches along important model dimensions; (3)

indicate what characteristics of an application should be taken into account when selecting a position encoding; and (4)
provide stimuli for future research.



Positional Encoding
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Sentence 1

The positional
embedding
vector at a given
position should
remain the same
irrespective of
the length of the

/9equence
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Creating Positional Encodings

* We could just concatenate a fixed value to each time step (e.g., 1, 2, 3, ... 1000) that
corresponds to its position, but then what happens if we get a sequence with 5000
words at test time?

* We want something that can generalize to arbitrary sequence lengths. We also may want
to make attending to relative positions (e.g., tokens in a local window to the current
token) easier.

* Distance between two positions should be consistent with variable-length inputs

LLMs: Introduction and Recent Advances E—C Tanmoy Chakraborty
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Transformer Positional Encoding R

L—"\.‘ -2

, PoS _
PE(p_O;S>2’§) = sin( 100002¢/dmodel )

POS
100002/ @i/

PE(pos,2z'+1) — COS(

Ford, 4 =512,/

Positional encoding is a 512-dimensional vector

(Note: Dimension of positional encoding is same as dimension of the word embeddings)
I = a particular dimension of this vector

pos = position of the word in the sequence
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Transformer Positional Encoding

g

I=2 } d=5 PE(pas,Ei) = sin

=3
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Credits: https://www.youtube.com/watch?v=dichlcUZfOw
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Only Varying
The Position

word position
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Credits: https://www.youtube.com/watch?v=dichlcUZfOw
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Only Varying
The Position
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Varying Both i
Position and /

Credits: https://www.youtube.com/watch?v=dichlcUZfOw
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Curves are not drawn to scale
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Varying Both
Position and /

. '\@

Curves are not drawn to scale

] \/\/\/\/

M 5 word position

. pos i
PE (po5,21) = Sin =
10000 @

If two points are close by on the curve, they will
remain identical at low frequencies too. It is at the
high frequency where their y-axis values differ
and we may be able to take them apart.

D)
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Curves are not drawn to scale

Y

A

i=4 O . O/

? <

word position

[ pos |
PE(pos.zi) = sin 2i
10000 @

For points which are far apart, we will see them
falling apart on the y-axis quite early on

Credits: https://www.youtube.com/watch?v=dichlcUZfOw
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Varying Both Position

and I: Example
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At lower frequency, the value is

exactly the same 7
Credits: https://www.youtube.com/watch?v=dichlcUZfOw
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This will start to differ significantly as
we move to high frequencies
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Example

For example, for word w at position pos € [U, L — 1] in the input sequence
w = (wpy, -+, wr_4 ), with 4-dimensional embedding e,,, and d,,,4e1 = 4, the operation would

. oy / / v

, ( pos ) ( pos ) ) pos ) ( POS )}
el, = ey, + |sin , CO8 ,sin| ———— | ,cos [ —————
\/ _ 10000° 100G 0000%* 10000%/4

B

T
. . [Dos pOS
fgrm (pos) , cos (pos) , sin 100/ €% 00

\

where the formula for positional encoding is as follows l_’l’ I / L7
PE(pos = gin ( : ) ,
e @ 2 \ 100002/ moit \ \ (s
(>

Gien »
/PE(pos, 2i + 1) = cos ( pﬂ',g ) : -9 L &
7~ \10000%/dme =

https://datascience.stackexchange.com/questions/51065/what-is-the-positional-
encoding-in-the-transformer-model
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What does this look like?

(each row is thefositiogal encoding of a 50-word sentence)

100
0.75

0.50

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/
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d\ ”z’)« “Ej
Despite the intuitive flaws, many models these
days use learned positional embeddings (i.e.,

they cannot generalize to longer sequences, but
this isn’t a big deal for their use cases)



General Properties of Positional Embeddings

We define the function ¢(-, -) to measure the proximity between positional
embeddings.

* Monotonicity: The proximity of position embeddings positions decreases when
positions are further apart.

Vr,m,ne N:m >n :c—l—m <@
* Translation invariance: The proximity of embe ositions are slation

invariant. .
Vri,...,xn,m € N: ¢(21, :z:l—l—m $2,:172—|—m oo = @(Tn, Tn +m)

* Symmetry: The proximity of embedded positions is symmetric.
Va,y € N: ¢(Z,9) = ¢(7,7)

Paper: On Position Embeddings In BERT (Wang et al., ICLR 2021)



Rotary Positional Encoding (RoPE)

ROFORMER: ENHANCED TRANSFORMER WITH ROTARY
POSITION EMBEDDING

Jianlin Su Yu Lu

Shengfeng Pan
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Credit: Slides of RoPE is adopted from Manish Gupta
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Absolute Positional Encoding

 Learned from data 4

* Sinusoidal function (like the original Transformer)
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Absolute Position Embeddings

a dOX\Qm

Woy
m @({m,@) .
Exy ={xi}; okon = /’“(m”’@
= s Unp = U(wn7n)7 \&\‘
— e
q_ /
q,.kn
TN exp( NG )
m, - ?Tn,k
23—1 eXp(q\/gj
N
@ — Z Am,nUn
n=1

* w; are tokens and x; are embeddings

LLMs: Introduction and Recent Advances

ft:tE{q,k,v}(mi:i) ‘= Wt:te{q,k,v} (.’L‘Z + pz)

Pior = sin(k/10000%/4)~
Digty1 = cos(k/10000%¢/%) -

* Generate p; using the sinusoidal function

« Sinusoidal functions provide continuity between
close positions.

* This also allows for the model to scale to
virtually unlimited input sequence length
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Relative Positional Encoding

( /
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Relative Position Embeddings

/
:WCL‘W{/ \

% i
’a‘

S

_|_
;@

—

,fv( " ): o (@0 pj "

« pk,p¥ € R are trainable relative position embeddings.

* r=clip(m—n, "in, Tmax) iS relative distance between positions m
andn.” — —

* Relative position info is not useful beyond a certain
distance.

) LLMs: Introduction and Recent Advances
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Relative Position Embeddlngs m

'k«\

o)

Transformer-XL

) m
ft:te{q,k,v} (mi: 7’) = Wt:te{q,k,v} (m% + pz)

s
« Decompose gl k., K ™
/ % / d
ql By =xT WTkan + ! WTWM@—I— pr WTWkibn WTWkpn

—

* Replace absolute position embedding p,, Wlth relatlve \'\

pm -n

* Replace absolute position embedding p,,, with two
trainable vectors u and v independent of query SQ o™
positions.

* W) is distinguished for content-based and location-
based key vectors x,, and p,,, denoted as W, and W/,

ql K, = 2, WIW .z, + m;wgﬁ’fk+ OWIW iz, +@WIW,.p,,_,

/
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Relative Position Embeddings

fo(@m) =Wz,  T5 uses a very simplified relative position
feln,n) == Wi(z, +pF) yd embedding

Fol@n,n) = Wo(n + pY) al k, =T WIW .z, @

« pF,pY € R are trainable relative position embeddings. * b, ; is atrainable bias.

* r=clip(m-n, "yin, Tmax) 1S relative distance between
positions m yand n.

* Relative position info is not useful beyond a certain q)k, =z WIW,z, +p! U'U;p, J( bi.; >
distance. .
* Transformer-XL

« Decompose gl k,, /
ql k., Az WTWk;ﬂj + a7 WTWkpn + meTWkCBn m

S pos embeddlng Dy, With relatlve p

* Replace abs pos embedding p,,, with two trainable vectors u
and v independent of query posmons

. Wk is distinguished for content-based and lgcation-based
yvectqrs x,, and p,,, denoted as W), and W},

 Another formulation

ql k., + I WIW ,x, w;%W;ka)m_n

+UTWIW iz, + VIWIW,5,,

LLMs: Introduction and Recent Advances
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Relative Position Embeddings

fo(@m) := Wz * T5 uses avery simplified relative position

fk(a:na n) = Wk(mn +1~);’f) embedding
fo(®n,n) == W,(xn + Py) qlnkn — CB,;I;,LW;;WICCJZ“ + bi,j
« pX,p¥ € R? are trainable relative position embeddings. * b; jis atrainable bias.
* r=clip(m-n, "yin, Tmax) 1S relative distance between e Another formulation
positions m Yand n.
* Relative position info is not useful beyond a certain qtkn =] WIW,x, +p] UlUrp, + b;
distance. DeBERT
* Transformer-XL © @ . .
« Decompose gLk, * Absolute position embeddings p,,, and p,,

are replaced with the relative position

T — T T T T T T T T . ~
ql k., = wmﬂzqwkwn +x, W Wip, + ), W Wyax, +p] W Wip, embeddings -
* Replace abs pos embedding p,, with relative p,,,_,

* Replace abs pos embedding p,,, with two trainable vectors qlkn =] WIW,x, + 2] WIW,p, ., +p], WIW,x,
and v independent of query posmons —_——

* W) is distinguished for content-based and location-based
key vectors x,, and p,,, denoted as W,, and W/,
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Combining both Relative and Absolute Positions
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Combining both Relative and Absolute Positions

4 pig
A
| / dog
he dog chased the pig // ”’,—v
dog Pt
== >
\
‘\
pig  \ 1
. : L
1ce upon a time, the pig o
o ~
1ased the dog S
~ — 1 g
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Rotary Position Embedding (RoPE)

* Encodes abs pos with a rotation matrix

> Incorporates expl|C|t relative pos dependency In
Sel.f mrmUlaUOn ° Euler's formula- e

P
e Require: g1, k,, be afunction (g) of only word
embeddings x,,, x,,, and their relative position

m-n Z
(fa(m, )fk(/mn, 1)) = @y = 1), >

— _A_—_——am——X
* Whatisagood choice for f, and f;?
* Fordimensiond=2, a s;olut|n IS

(11)
g{(ﬂk)} W(22)
{q,k} {q,k},

cos mb —Sinm9>

fiqwy (@m, m) = ( sinmf  cosmb

— sinmé
cos mb

cos mb
sin mo

The matrix form OW is

Re[ei™f] = cos(mB); Im[e™?] = sin(me
This matrix captures the rotation by me.

Rotary Position Embedding

9+ & * Rotate the affine-transformed word embedding
Y A\ «¥ vector by amount of angle multiples of its position

[ / index Q,LQ}BJ)

=

N Z

f T, W mn in@ ‘ .
semmmr (o n et T e o]
| ms (3] k';] [ g‘qqo C(.qb 1-

i - o - -+1 1o -
* Rel-]isreal part of a complex humber L_ . L 0 \ l {,1} = N
o (Wx,)" is conjugate complex number of (W, x,,). (A \

* 0 € Risapresetnon-zero constant.
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Rotary Position Embedding (RoPE): General Form

* Generalizing from 2D to d-dimensions
* Divide the d-dimension space into d/2 sub-

Spaces
f{Q:k} (a:m? m) = R%,mw{q,k}wm
cosmby —sinmb 0 0 0 0 \
sinm#,  cosmb, ) ) 0 0
cosmbs —sinmbs\ --- 0 0
R‘é _ 0 0 sinmfs cosmby /- _— 0 0

0 0 0 0 0877.1961/2 —m
A \ 0 0 0 0 o sinmfgo COSW

© = {f; = 10000 20=0/d G e [1,2,...,d/2]}
* Applying RoPE to self-attention
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Rotary Position Embedding (RoPE): General Form

* Generalizing from 2D to d-dimensions
* Divide the d-dimension space into d/2 sub-

Spaces
f{q,k} (wmu m) = Rg—),mw{q,k}:nm
cosmby —sinmb 0 0 0 0 \
sinm#,  cosmb 0 0 0 0
0 0 cosmbfy —sinmby --- 0 0
R — 0 0 sinmfy  cosmbs 0 0
e.m — )
0 0 0 0 <o+ COS 77;1961/2 —sin :mé)d/g
\ 0 0 0 0 <o-osinmbly, cosmbly g

O = {0; = 10000~20-1/d 4 € [1,2,...,d/2]}
* Applying RoPE to self-attention

i i 1
q-rl;:kﬂ- - (R‘(‘J.THWII:BTH)T{R%.HW&:ﬂﬂ-) — ILW*JRE'}.H.—mwﬁ'mf!

Rd@),n—m = (R(Ci),m)TRCCi),n

LLMs: Introduction and Recent Advances

* In contrast to earlier position embedding
methods, RoPE is multiplicative.

* RoPE naturally incorporates relative pos info
through rotation matrix product instead of
altering terms in the expanded formulation of
additive position encoding when applied with
self-attention.

* RoPE

* Represents token embeddings as complex
numbers

* Represents their positions as pure rotations

 If we shift both the query and key by the same
amount, changing absolute position but not relative
position, this will lead both representations to be
additionally rotated in the same manner, thus the
angle between them will remain unchanged and
thus the dot product will also remain unchanged.

-
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RoPE Implementation

I m
Constant X 2 \

(Xl’ XZ) —- | —
Query / Key X 1 X]_

m
d=2 Position

\

Enhanced ([T +~- [T 0L (1] LT LI
Transformer [ 1] -~ [T 2 HEEEREN NN
with [T -+ (T 3 —_— LI L)Ll
Rotary [T [ 1] -~ [ 00 a W O L W Y
Position [T [ ] ] +~+ [T I21J (Ir17j-.-CI 111
Embedding [T [ ]--- [ [ [TT7] 6 mm

(x'1, x'5)

Position Encoded Query / Key

i

Query / Key Position Position Encoded Query / Key
: (11) (12) (1)
. cosmbl —sinmd Weoir Wik T
O — {9@ _ 10000—2(1—1)/(1’?; c [1’2’ ’d/z]} f{q,k}(mm;M) = ( sinmf  cosmb ) ( W{(%lk)} W{(%z}g} a:g%)
q’ q}
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Properties of ROPE

* Long-term decay * Computational efficient realization of rotary

+ Inner-product decays when the relative positon ~ matrix multiplication
increase.

. . . . fiq ey (@m,m) = R%,mw{q,k}wm
* A pair of tokens with a long relative distance

: cosmbi —sinmb, 0 0 0 0
should have less connection. snmf  cosmo, 0 0 0 0 )
0 0 cosmby —sinmbs 0 0
relative upper bound R — 0 0 sinmfy  cosmbs 0 0
20 e,m '
y. " 5 cosmbly,  —sinmby,

sinmbgo  cosmbyo
16|

141

—To \ (sinm@l \

12]

i T sin mo;
10 —Xy sin mbs
i sin mb
gl I3 ® 2
E - relative distance . ' .
50 100 150 e sin mﬁd/g
_ T4 / \Sin mbg ;o

D)
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RoPE Performance

10 1 —— RoFormer —— PerFormer w/. RoPE
o - BERT 3.0 ——— PerFormer w/o. RoPE
Model BLEU ' —
7 8
ﬁ nsformer-baseVaswani et al. [2017] 27.3 . 25
oFormer 27.5 8 2
= °] =
WMT 2014 English-to-German translation task ® 59 207
4 4
3 1.5 -
S\
CI) / 5I0 1 60 1 éO 2 60 2 é 0 (I) 2I0 4I0 GIO 8I0 160
Train Steps (K) Train Steps (K)
—"

Language modeling pre-training. Left: training loss. Right: training loss for
PerFormer with and without RoPE.

Table 2: Comparing RoFormer and BERT by fine tuning on downstream GLEU tasks.

Model MRPC SST-2 QNLI STS-B QQP MNLI(m/mm)
> BERTDevlin et al. [2019] 88.9 93.5 90.5 85.8 71.2 84.6/83.4 /
RoFormer ( 89.5 90.7 88.0 87.0 86.4 80.2/79.8
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Transformer

Architecture

Qutput
Probabilities
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t
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Encoder

Nx

Posit
Enco

Source of Image : Attention is all you need

(Vaswanital., 2017)
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| Add & Norm |~
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s 1 ™\
Add & Norm )
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\ y,
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Input
Embedding

I

Inputs

—
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| I
| Add & Norm Je—

ﬁ

S

s

Output
Embedding

I

Outputs
(shifted right)

Positional
Encoding

Decoder

3]

) LLMs: Introduction and Recent Advances

Tanmoy Chakraborty



https://www.lcs2.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/
https://home.iitd.ac.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/

Residual Connection

X ' Residual
Block

Ty

F

F -4

]
]
'
'
'
]
'
]
'
]
: . identity
'
]
]
]
'
]
]
]
]
]
]

_ (taprien )

Fx)

Traditional Feedforward
without Residual Connection With Residual Connection
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Transformer
Architecture

Encoder

Nx

Posit
Enco

Source of Image : Attention is all you need

(Vaswanital., 2017)
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Batch and Layer Normalization
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Normalization

* Example: student loans with the age of the student and the tuition as two input features

* two values are on totally different scales.
* the age of a student will have a median value in the range 18 to 25 years
* the tuition could take on values in the range $20K - $50K for a given academic year.

Normalization works by mapping all values of a feature to be in the range [0,1]
using the transformation
L — Lmin

Lnorm —
Lmaz — LTmin
Suppose a particular input feature x has values in the range [x_min,
x_max] .When x isequalto x_min, x_norm is equal to O and when x
isequalto x_max , x_norm is equal to1. So for all values of x between

X_min and x_max , x_norm maps to a value between O and 1.
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Standardization

* Example: student loans with the age of the student and the tuition as two input features

* two values are on totally different scales.
* the age of a student will have a median value in the range 18 to 25 years
* the tuition could take on values in the range $20K - $50K for a given academic year.

Standardization transforms the input values such that they follow a distribution
with zero mean and unit variance.

T —
g

Lstd —

In practice, this process of standardization is also referred to
as normalization
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Batch Normalization

* For a network with hidden layers, the output of layer k-1 serves as the input to layer k
* Split the dataset into multiple batches and run the mini-batch gradient descent.

* The mini-batch gradient descent algorithm optimizes the parameters of the neural
network by batch-wise processing of the dataset, one batch at a time.

* The input distribution at a particular layer keeps changing across batches.

* Batch Normalization: Accelerating Deep Network Training by Reducing Internal
Covariate Shift refers to this change in distribution of the input to a particular layer
across batches as internal covariate shift.

* For instance, if the distribution of data at the input of layer K keeps changing across
batches, the network will take longer to train.
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Batch
Normalization

Image Source: https://www.pinecone.io/learn/batch-layer-normalization/
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Batch Normalization

B
1
: — ==Yz (1)
* Forcing all the pre-activations to be zero and B
unit standard deviation across all batches B N
. 1 )
can be too restrictive. o = =5 > (zi — m)” (2)
* It may be the case that the fluctuant =1 _—
distributions are necessary for the network 5 = A H (3)
to learn certain classes better. o}
or ; = — (3)

4.,’arf—l—e

Adding € helps when o} is small

yi = BN (x;) =v.2; + (5 (4)

Trainable parameters
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Batch Normalization: Limitations

* |[n batch normalization, we use batch statistics: mean and standard deviation for current
mini-batch.

* When batch size is small, the sample mean and sample standard deviation are not representative
enough of the actual distribution and the network cannot learn anything meaningful.

* As batch normalization depends on batch statistics for normalization, it is less suited for
sequence models.

* Thisis because, in sequence models, we may have sequences of potentially different lengths and
smaller batch sizes corresponding to longer sequences.
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Layer Normalization

* All neurons in a particular layer effectively have the same distribution across all features
for a given input

If each input has d features, it’s a d-dimensional vector. If there are B
elements in a batch, the normalization is done along the length of the
d-dimensional vector and not across the batch of size B.

* Normalizing across all features but for each of the inputs to a specific layer removes the
dependence on batches.

* This makes layer normalization well suited for sequence models such
as Transformers and RNNs.
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Layer
Normalization

Image Source: https://www.pinecone.io/learn/batch-layer-normalization/
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Layer Normalization i
1 d
of = = > (@i — m)* (2)
=1
A% _ L; — jg (3)
o

or 3; = ——H (3)

4./-c:rerm—:

Adding € helps when o} is small

Trainable parameters
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Batch Normalization vs Layer Normalization

* Batch normalization normalizes each feature independently across the mini-batch.
Layer normalization normalizes each of the inputs in the batch independently across
all features.

* As batch normalization is dependent on batch size, it's not effective for small batch
sizes. Layer normalization is independent of the batch size, so it can be applied to
batches with smaller sizes as well.

* Batch normalization requires different processing at training and inference times. As
layer normalization is done along the length of input to a specific layer, the same set
of operations can be used at both training and inference times.
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Transformer
Architecture

Encoder

Nx

Posit
Enco

Source of Image : Attention is all you need

(Vaswanital., 2017)
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Transformer
Architecture

Position embeddings are added to
each word embedding. Otherwise,
since we have no recurrence, our
model is unaware of the position of a
word in the sequence!
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Transformer
Architecture

Residual connections, which mean
that we add the input to a particular
block to its output, help improve
gradient flow
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Transformer
Architecture

A feed-forward layer on top of the
attention- weighted averaged value
vectors allows us to add more
parameters / nonlinearity

Qutput

LLMs: Introduction and Recent Advances

Probabilities
| Softmax |
1
| Linear |
'y ™\
| Add & Norm =
Feed
Forward
s I N | Add & Norm Je—
> Add & Norm Multi-Head
> Feed Attention
Forward T 7 7 Nx
J | J—
Add & Norm
Nx I
~»| Add & Norm | Masked
Multi-Head Multi-Head
Attention Attention
At At
— ] e/
\ \. y,
Positional Positional
. =} + .
Encoding (2_@ Encoding
Input Qutput
Embedding Embedding
Inputs Outputs

(shifted right)

Tanmoy Chakraborty


https://www.lcs2.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/
https://home.iitd.ac.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/

Qutput
Probabilities

Transformer
. | Softmax |}
Architecture ——

Linear

& ™
| Add & Norm Je—
Feed
Forward
—
s I N | Add & Norm Je—
—{_Add & Norm J ~ii-Head
Feed Attention
Forward N
We stack as many of these , 2 }F J )
| SE—
Transformer blocks on top of each [(Add & Norm J«—
: —> Nx | __{CAdd & Norm ) '
other as we can (bigger models are - Masked
) | Multi-Head Multi-Head
generally better given enough data!) Ko Attention
At LU
] . )
F‘ositiolnal - N Positional
Encoding Encoding
Input Qutput
Embedding Embedding
Inputs Outputs

LLMs: Introduction and Recent Advances

(shifted right)

Tanmoy Chakraborty


https://www.lcs2.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/
https://home.iitd.ac.in/
https://lcs2-iitd.github.io/ELL881-AIL821-2401/

Transformer
Architecture
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in English sequences that have been
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We first have an instance of masked
self attention. Since the decoder is
responsible for predicting the English
words, we need to apply masking as
we saw before.
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Transformer
Architecture

Now, we have cross attention, which
connects the decoder to the encoder
by enabling it to attend over the
encoder’s final hidden states.

Qutput

Source of Image : Attention is all you need

(Vaswani et al., 2017)
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After stacking a bunch of these
decoder blocks, we finally have our
familiar softmax layer to predict the
next English word.
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Reduces covariance shift and
makes the system stable
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Prevents attention lookups into
the future while decoding
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