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Basic Computer Architecture

Chapter 8: Computer Arithmetig(Paﬂ )
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* Let us add two 1 bit numbers—aandb
* 0+0=00"
£ 1+0=01
£ 0%1=01
N
+ The Isb of the result is known, as the sum,

and the msb is known as the carry
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* Adds two 1 bit numbers to produce a 2 bit

result . )
2 Half [—°

b— adder ¢~
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S=1if odd no of 1sin a,
b, c_in




_Ss=a®db D¢y
=(a.b+ a.b)®c;y, T
=(a.b+ a@.b).c; + a.b+ a.b.cy,
=a.b.¢;,, + a.b.c;, + (a.b).(@.b).cy,

a.b.c; +a.b.c; +(@+b).(a+ b).cip

= a.b.¢;, +a.b.c,, + a.b.c;, + a.b.c;,

o b ac b
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A * We start from the Isb

* Add the corresponding pair of bits and the carry in

* Produce a sum bit and a carry out



C observatons

*  We keep adding pairs of bits, and pLoceed from
the Isb to the msb

<«

* Ifacarryis generated, we add it to the next
pair of bits

* At the last step, if a carry is generated, then it
becomes the msb of the result

* The carry effectively ripples through the bits
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Half
adder

Full
adder

Result




Adder “!

*

*

*

Problem : Add A+ B
Number the bits : A to A and B,toB,

* Isb > A;and B,
* msb > A and B,

Use a half adder to add A, and B,

Send the carry(c) to a full adder that adds :

A2+Bz+c

Proceed in a similar manner till the msb
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Adder take:

* Time :
# Time of half adder : t,

# Time of full adder : t;

+ Total Time : t, + (n-1)t;
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* Most of the time, we are primarily interested in
the order of the function

+ For example : we are only interested in the n?
termin (2n’ + 3n + 4)

* We do not care about the constants, and terms
with smaller exponents

* 3nand4
* We can thus say that :

« 2n? +3n+4is order of (n?)
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* Formally :

* We say that: f(n) = O(g(n))

« if, |f(n)| < clg(n)]|, foralln > ny. Herecisa
positive constant.

* In simple terms:

* Beyond a certain n, g(n) is greater-than-equal to a
certain constant times f(n)

* Forexample, beyond 15, (n? + 10n + 16) < 2n?
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fin) =3n>+ 2n + 3. Find its asymptotic time complexity.
Answer:
f(n)=3n>+2n+3
<3n*+2n*+3n2(m>1)
< 8(n?)
Hence, f{n) = O(n?).

8n? is a strict upper bound on f(n) as shown in the figure.
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Example:

f(n) = 0.00001N™° + 10000N% + 234344. Find its asymptotic time complexity.

Answer: f(n) = O(n'°?)

* We shall use the asymptotic time
complexity metric (big O notation) to
characterize the time taken by different
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* Time complexity of a ripple carry adder :
* 0(n)

\p . Can we do better t%)i//:j
\/f " v\>
0
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T Canry Select Adder O(Vn) time

* Group bits into blocks of size (k)

* If we are adding two 32 bit numbers A and B,
and k = 4, then the blocks are :

Carry propagating
across blocks
- N y
Ay Azi Ao Ay = 0 0 AgASAGAs ALAAA

By, By; BygByy * ¢ ¢ BgB;BgBs B,B;B,B;

+ Produce the result of each block with a small
ripple carry adder
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‘

. In this case, the carry propagates across
blocks

. Time complexity is O(n)
ldea :

Add the numbers in each block in parallel

Stage | : For each block, produce two results

« Assuming an input carry of O

« Assuming an input carry of 1
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* For each block we have two results available
* Result = (k sum bits), and 1 carry out bit
+ Stage |l

 Start at the least significant block

« Theinput carryis 0

+ Choose the appropriate result from stage |
* We now know the input carry for the second block

* Choose the appropriate result

** Result contains the input carry for the third block
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+ Given the result of the second block

* Compute the carry in for the third block

* Choose the appropriate result

+ Proceed till the last block

* At the last block (most significant positions)

* Choose the correct result

* The carry out value, is equal to the carry out of the
entire computation.
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* OQur block size is k

« Stage | takes k units of time

* There are n/k blocks

+ Stage |l takes (n/k) units of time m)
o~

+ Total time :
— a(k+n/k)_0
l ok B
n
:1_ﬁ 0
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Select Adgeru’

+ T=0(Vn +Vn) = O(Vn)

* Thus, we have a Vn time adder

Can we do better ?




* The main problem in addition is the carry

* |f we have a mechanism to compute the
carry quickly, we are done

* Let us thus focus on computing the carry
without actually performing an addition
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Functions

A and B,

Generate function : A new carry is generated (C

Propagate function: C_ = C_

9, = A;.B;

—_—

Let us consider two corresponding bits of A and B

Generate and Propagate Functions are : =Bt
| @4 % 104

out
Cout
110
/]
114
XoR
Ao B A® B
o :
! o 4
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* |f we have the generate and propagate
values for a bit pair, we can determine the
carry out

Cout=9i T PG,

z
L

Co'ud—: %'L
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Example: B
Let A. = 0, B,= 1. Let the input carry be C;.. Compute

g, Py and C ;.

Answer:

N

"/. N
Cout = 9i + pi-Cin = Cipy
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« C_ 1> output carry for it" bit pair

out
sk Cini 9 input carry for ith bit pair
G - — generate value for ith bit pair

op 2 propagatec\éalue for ith bit pair

,@fm
T ¢ 1
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= g2+ P2 (g1 + P1-Ciy cx
= (924D g g + py. pl@

VW

D

™ v

Cgut _%.93 + P3- Cout

= g3t D3 ((92 + p2.g1) + Pz-P1-Ci1n)
= (g3 +P3-92 + P3-02-91) + P3.92-P1.Cin

%‘ * : ] \
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\/
C(;Lut = g4 t Dy Cgut

= g4 T Dy ((93 + p3.92 + DP3.P2-91) + P3-P2-P1-Ci1n)
= (g4 + Ps-g3 + P4-D3- G2 + Pa-D3-P2-91) + Da-D3-D2-P1-Ciy

e
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1 bit

Cout = 01 +B}'Ci%1

Gl P
2 bit C out — gZ + ngl_‘l‘pzplcl%’l L=
dz PZ
3 bit C(L))’ut = gB + D3.9> + p3p2‘gl +p3p2plcgl
d3 P'3

4 bit .

Cout_ gs+ D493+ P4-D3-92 + P4-D3-P2- 91+ P4-DP3-P2-P1 - Ciyy

Gy Py

n bit C out — G + b C

(%m* P’”%m,,T ?m ?mﬁ %M«—-Z ~AA,)
P~ bbb bon-— P
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(-%" N / ‘, v, |
) v h < <
K f‘fq C out C in
I e

/c(ﬂ‘“\ m+1,n 1.m

- \ |
N \\ * Let the carry out and carry inbe : C_ . and C._
o

G Gt/‘“ . _ _
Y p,» * We want to find the relationship between
o
A
(% * Gy P aand (G, Gy Provanr Po)
Q™ c = G v+ PG
CIE m e ,m ’Vnﬂ,rmi_"_"b

- GGWM/’”' ? b(m,”,fn <_ G),rm T P\/,m' ca“m>
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" Computing Gand PQuickly -1l

Cout = Gm+1,n + Pm+1,n- Csub
,—;—:
— Gm+1n

+ Pm+1n (G1m+ le in
Gin Pln

out _G1n+ Pln

\/G1,n = c-:'m+1,n Pm+1,r{§1,m —

P

\/P1,n= P

m+1,n"" 1,m

"
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quickly

* Insight :

* We can compute G and P for a large block

* By first computing G and P for smaller sub-blocks

& Aﬁd, thenhcombining the solutions to find the value
of G and P for the larger block

* Fast algorithm to compute G and P
* Use divide-and-conquer

* Compute G and P functions in O (log (n)) time
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* Compute G and P functions for all the blocks

+ Combine the solutions to find G and P functions for
sets of 2 blocks

+ Combine the solutions fo find G and P functions for
sets of 4 blocks

* Find the G and P functions for a block of size : 32 bits
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Block 16 v

I32 l31 II30 l29|

i

T

_

G.P -~
32-31

i 7
30-29

==

-29

\j

G,P

G,P

G,P

I
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* Compute G, P for increasing sizes of
blocks in a tree like fashion

* Time taken :

+ Total : IeveIs

* Time per level : O(1)

* Total Time : O(log(n))
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Fro Result Bits
%, #°
5-bit RC Adder] [ 2-bit RC Adder] [2-bit RC Adder] [Z-bitRC 2bit RC Adder
32 |31 300 |29 ¢ v 0 |18 |17 4 |4 3 2 1
(- : (;,/ Cr
G,P :- -l GP <10 o G,p A [ G,P G,P
O 32-31 30-29 : 18-17 ) 4.3 2.1 ~—
= vy —— J
+ P |/ Gp )«. G,P P
m 32-29 28-25 10 20-17
e — - -
o o ] G
G,P block =
5 Gz
O C out G.P Cin
- rl—,r2 < 32 -

@) [ Grp

out 32-1

@ e} *T.)
Tq, VQ A QQ/K
n ("
2.&

)

level 0
level 1
level 2

level 3

level 4

\ level5 /

39



* Each G,P block represents a range of bit% (r2, rl))
(r2 >r1)

* The (r2, r1) G,P block is connected to all the blocks of
the form @ -

* The carry out of one block is an input to all the
y SR e ot 2
blocks that it is connected with

—_—

+ Each block is connected to another block at the
same level, and to blocks at lower Ievgls

- /
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o
# We start at the |leftmost blocks in each level

+ We feed an input carry value of(C. *

+ Each such block computes the output carry, and sends
it to the all the blocks that it is connected to

+ Each connected block

* Computes the output carry/

+ Sends it to all the blocks that it is connected to

* The carry —pr-opagates to all the 2 bit RC adders
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Result Bits

7=
==,

Computation

%bit RC Adde 2-bitRC Adder| [ 2pit RC Adder| [2-bitRC Adder| |2-bit RC Adder |
/
32 |31 29’“'18/ 17
G : /' G,P 1
£ /§£9 . 18-17 m“/ A &,
-~ \j L4
P & | GpP 1
1 32- 29 8 25 ‘ ¢ 20-17 n
/ G,P . G
32-25 4-17
G,P block ' Gp
C out G.P Cin (P
< > il
rl-12 32 &

level O

level 1

level 2

level 3

level 4

\ level5 /




T TimeComplexity

* In a similar manner, the carry propagates to
all the RC adders at the zeroth level

* Each of them compute the correct result

* Time taken by Stage Il :

* Time taken for a carry to propagate from the (16,1)
node to the RC adders

# O(log(n))
+ Total time : O(log(n) + log(n)) = O(log(n))

-
~—
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Time complexities of different adders:

* Ripple Carry Adder: O(n)
* Carry Select Adder: 0(1/n)
 Carry Lookahead Adder: O(log(n))
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+ Addition

* Multiplication .

+ Division

+ F

+ F

oating
oating

oating

Point Addition

Point Multiplication

Point Division
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